Abstract. We investigate strongly regular graphs for which Hoffman's ratio bound and Cvetcović's inertia bound are equal. This means that ve − = m − (e − − k), where v is the number of vertices, k is the regularity, e − is the smallest eigenvalue, and m − is the multiplicity of e − . We show that Delsarte cocliques do not exist for all Taylor's 2-graphs and for point graphs of generalized quadrangles of order (q, q 2 − q) for infinitely many q. For cases where equality may hold, we show that for nearly all parameter sets, there are at most two Delsarte cocliques.
Introduction
Hoffman's ratio bound and Cvetcović's inertia bound are two of the best known bounds for cocliques in regular graphs. We investigate the case where the unweighted versions of both bounds are equal for strongly regular graphs. We refer to [3, 4] for a general discussion of strongly regular graphs. In this paper a strongly regular graph Γ has parameters v, k, λ, µ, where v denotes the number of vertices of Γ, k denotes the degree of each vertex of Γ, λ denotes the size of the common neighborhood of two adjacent vertices, and µ denotes the size of the common neighborhood of two non-adjacent vertices. For two vertices u, v in a graph Γ, we use u ∼ v to denote that u is adjacent to v. The adjacency matrix A of a strongly regular graph has three eigenvalues, k, e + and e − , where k ≥ e + ≥ 0 > e − . A strongly regular graph Γ is primitive if both Γ and Γ are connected; this implies that e + > 0. In this paper we only consider primitive strongly regular graphs. We denote the eigenspaces that correspond to k, e + , and e − by j , V + , and V − respectively (where j denotes the all ones vector). We denote the multiplicity of e + by m + , and the multiplicity of e − by m − . Throughout this paper every graph that is called Γ is strongly regular and its parameters are named as above.
Hoffman's ratio bound and Cvetcović's inertia bound state (respectively) that for a primitive strongly regular graph Γ, a coclique Y in Γ satisfies
A coclique of size ve − e − −k is called a Delsarte coclique. We refer to Section 2 for further definitions. It has long been known that the case where both bounds are tight is special; for example Haemers investigated this in his PhD thesis in 1979 [9, Th. 2.1.7]. Our work extends an investigation by Haemers and Higman [10] for strongly regular graphs in general, and results by Makhnev and Makhnev for generalized quadrangles of order (q, q 2 − q) [13] . For our purposes, we phrase some of these results in a different way than the existing literature. For example, we provide a short translation of [4, Th. 9.4 .1] as Theorem 2.11.
Our main results are based on designs derived from strongly regular graphs. A 2-(ṽ,k,λ) design with intersection numbers s 1 and s 2 is a set ofk-sets B such that (a) all b ∈ B satisfy b ⊆ {1, . . . ,ṽ}, (b) each pair {i, j} ⊆ {1, . . . ,ṽ} lies in exactlyλ elements of B, and (c) |b ∩ b ′ | ∈ {s 1 , s 2 ,k} for all b, b ′ ∈ B. If s 1 = s 2 , then B is called a quasisymmetric design. If s 1 = s 2 , then B is called a symmetric design. The replication numberr denotes the number of blocks that contain one given element and satisfies
Notice that we haver =k if and only if the design is symmetric.
Our next result describes how to constuct designs from the strongly regular graphs that we consider in this paper. We will see that this result is a reformulation of Theorem 9.4.1 from [4] . Theorem 1.1. Let Γ be a primitive strongly regular graph, Y a Delsarte coclique of Γ and ve − = m − (e − −k). Let Z denote the set of vertices of Γ that are not in Y . For z ∈ Z, let b z denote {y ∈ Y : y ∼ z}. Then B := {b z : z ∈ Z} is a quasisymmetric 2-(m − , −e − , µ) design with replication number k. Two adjacent vertices in Z correspond to two blocks with intersection size −(e + ) 2 − e + − e − , while two non-adjacent vertices in Z correspond to two blocks with intersection size −(e
We combine this result with existence results for quasisymmetric designs due to Blokhuis and Calderbank [2] which rule out equality in the Hoffman bound for many feasible parameter sets for strongly regular graphs. We first consider strongly regular graphs constructed from generalized quadrangles.
A generalized quadrangle of order (s, t) consists of a set P of points, a set L of lines, and an incidence structure I ⊆ P × L. We say that a line l ∈ L contains a point p if (p, l) ∈ I. The incidence structure must satisfy the following: (a) for each p ∈ P , there are exactly t + 1 lines in L that contain p, (b) each l ∈ L contains exactly s + 1 points in P , (c) if a point p is not on a line l, then there is a unique point p ′ and line l ′ such that l ′ contains p and p ′ , and l contains p ′ . A generalized quadrangle induces a strongly regular graph Γ, called the point graph, by setting the vertices of Γ to be the points P , and setting u ∼ v if and only if there is a line containing both u and v. A Delsarte coclique of the point graph of a generalized quadrangle is traditionally called an ovoid. We refer to [14, Chapter 1] for details. Whether certain generalized quadrangles possess an ovoid is a long-standing open question which has attracted various researchers, see [14, Sections 1.8 and 3.4] . In particular, we show that for infinitely many choices of q, generalized quadrangles of order (q, q 2 − q) do not possess ovoids. Besides the non-existence proofs for some Delsarte cocliques, our main result is the following. Theorem 1.2. Let Γ be a primitive strongly regular graph, let Y, Z be different Delsarte cocliques of Γ and ve The main motivation for Theorem 1.2 is to bound the number of Delsarte cocliques in a strongly regular graph. For most feasible parameter sets, the intersection numbers above are not integers. As an example, for a strongly regular graph with parameters v = 287, k = 126, λ = 45, and µ = 63, the intersection of three cocliques given by Part (e) is not an integer, therefore such a graph can have at most two Delsarte cocliques. In cases like this where the number of Delsarte cocliques is bounded, if a graph exists and possesses a single Delsarte coclique then it must be very asymmetric.
Notice that a strongly regular graph that has exactly one or two Delsarte cocliques is not unusual. It can be easily verified that some strongly regular graphs with parameters (45, 32, 22, 24) have this property. 
Theorem 2.2 (Blokhuis and Calderbank [2, Theorem 4.3]).
If s 1 ≡ s 2 ≡ s (mod p) for some odd prime number p andr ≡λ (mod p 2 ), then one of the following occurs:
is a square modulo p.
Theorem 2.3 (Blokhuis and Calderbank [2, Theorem 5.1]).
Let p be an odd prime number and let e be an odd positive integer. For an integer z define ψ(z) = max{ℓ :
andṽ is odd, then one of the following occurs:
(a) ψ(s) is odd and (−1)ṽ
The following lemma is surely known, but we do not know a reference. We include a short proof for the sake of completeness.
Lemma 2.4. Let B be a set ofk-sets of {1, . . . ,ṽ} with |B| =ṽ and suppose that there is a constant s such that |b∩b ′ | ∈ {s,k} for all b, b ′ ∈ B. Then B is a symmetric 2-(ṽ,k, s) design if and only ifk(k −1) = s(ṽ −1).
Proof. We verify that (i) each element of M := {1, . . . ,ṽ} lies onk elements of B and that (ii) each pair of M lies on s elements of B. For (i) let ℓ i denote the number of elements in M that lies in exactly i elements of B. Standard counting arguments show that
Hence, each element of M lies in exactlyk elements of B if and only if we have equality in (2.5), which occurs if and only ifk(k − 1) = (ṽ − 1)s.
For (ii) let r i denote the number of ordered pairs of elements in M that lie in i elements of B. Notice that we can assumek(k − 1) = (ṽ − 1)s. As before we obtain
From this we obtain (s − i) 2 r i = 0. Hence, each pair of M lies in exactly s elements of B.
2.2. Strongly Regular Graphs. For a strongly regular graph Γ, if µ > 0, then the following equations are well-known [3, Theorem 1.3.1]:
We are only considering graphs with ve
Together with (2.6) and (2.7), we have Note that the coclique Y in Theorem 2.10 is a Delsarte coclique. Let Γ ′ be the subgraph of Γ induced by the vertices not in a given Delsarte coclique Y . Clearly the degree of Γ ′ is k ′ = k + e − . Applying Equation (2.6) with these eigenvalues, we obtain that the size µ ′ of the common neighborhood of two non-adjacent vertices in Γ ′ satisfies
Hence, by (2.6), one of the intersection sizes for the blocks in the quasisymmetric design is
Similarly, by (2.6), the size λ ′ of the common neighborhood of two adjacent vertices in Γ ′ satisfies
Hence, by (2.6), the other intersection size is
Proof of Theorem 1.2
Parts (a) and (b) of Theorem 1.2 are surely known, but we have only found them for a special case in literature due to Makhnev et al. [13, Lemma 2] , which limits itself to strongly regular graphs with the same parameters as the point graph of a generalized quadrangle of order (q, q 2 − q). Part (c) may be known, but it was only observed for the special case mentioned before [ 
. This concludes the proof of (d).
Known Examples With Delsarte Cocliques
We start by applying Theorems 1.1 and 1.2 to the only known examples for such graphs, namely the complements of triangular graphs and the M 22 graph on 77 vertices.
Example 4.1. The complements of the triangular graphs T (n) can be defined in the following way: the 2-subsets of {1, . . . , n} are the vertices of the graph and two vertices are adjacent if their intersection is empty. It is well-known that this is a graph with parameters
For n > 4, from Theorem 1.1 it is easy to verify that the largest independent sets in this graph correspond to the set of all 2-sets that contain a fixed element. By Theorem 1.2, these independent sets pairwise intersect in exactly 1 element. Notice that this is no longer the case when n = 4. For example, {{1, 2}, {1, 3}, {1, 4}} and {{1, 2}, {1, 3}, {2, 3}} are independent sets that share two elements. It is easy to check that the common intersection of three Delsarte cocliques is 0 as claimed by Theorem 1.2.
Notice that for n = 5 the corresponding graph is the Petersen graph; for n = 6 the corresponding graph is the point graph of the unique generalized quadrangle of order (2, 2); for n = 7 the corresponding graph is Taylor's 2-graph with e + = 1. It is well-known and can be easily checked that this graph possesses 22 cocliques of size 21 which pairwise intersect in 5 elements, while the common intersection of three Delsarte cocliques is 1. This is also implied by Theorem 1. It is well-known that there are three such biplanes, but from M 22 we only obtain the unique biplane with an automorphism group of order 11520.
Generalized Quadrangles of Order
Although the results in this section are valid for all strongly regular graphs having the parameters listed below, we state the results in terms of generalized quadrangles, as there has been great interest in the existence of Delsarte cocliques in the point graphs of generalized quadrangles. Recall that for a generalized quadrangle, a Delsarte coclique is called an ovoid. It is known that generalized quadrangles of order (q, q ′ ) with q ′ > qq. Except for q ∈ {2, 3}, the existence of a generalized quadrangle of order (q, q 2 − q) is open, so our results may only apply to an empty set. See [14, Chapter 6] for the unique existing generalized quadrangle of order (2, 2) and the non-existence of generalized quadrangles of order (3, 6) . As shown in [3, Section 1.15], the parameters of the point graph of a generalized quadrangle of order (q, q 2 − q) are as follows, where q is an integer larger than 1.
Theorem 5.1. A generalized quadrangle of order (q, q 2 − q) does not possess an ovoid if one of the following cases occurs:
where p is a prime with p ≡ 3 (mod 4), e is odd, and ℓ ≡ 2 (mod 4).
Proof. By Theorem 1.1, the existence of an ovoid is equivalent to the existence of a quasisymmetric 2-q 3 − q 2 + 1, q 2 − q + 1, q 2 − q + 1 design with intersection numbers {1, q} and replication number q(q 2 − q + 1).
If q ≡ 3 (mod 8), then
Hence, Theorem 2.1 implies non-existence of an ovoid for Case (i). If q = ℓp e + 1, then
The condition that p ≡ 3 (mod 4) is equivalent to the statement that −1 is not a square modulo p. It then follows that
is not a square modulo p. Hence, Theorem 2.3 implies non-existence for Case (ii).
Theorem 5.1 rules out the existence of an ovoid for q = 7, but not for q ∈ {4, 5, 6}. If several ovoids exist, then, by Theorem 1.2, they pairwise intersect in (q − 1) 2 points. This is well-known for the unique generalized quadrangle of order (2, 2) . This quadrangle belongs to a family of generalized quadrangles of order (q, q) for which strong intersection conditions between ovoids are known [1] .
The next open case is the generalized quadrangle of order (4, 12) . By Theorem 1.2, we obtain a symmetric 2-(40, 13, 4) design. Many such designs are known [6, 15] (for example, we can take the 1-dimensional subspaces of F Proof. Recall that an ovoid has size m − . Suppose that the generalized quadrangle contains at least one ovoid. Then we have at least v/m − = q + 1 ovoids due to transitivity. By [13] (or Theorem 1.2 (f)) a generalized quadrangle of order (q, q 2 − q), where q > 2, can have at most two ovoids. This is a contradiction, so the quadrangle posseses no ovoids. By Lemma 5.2, a generalized quadrangle of order (4, 12) would be very asymmetric, as it could not be point-transitive.
Taylor's 2-graph
For the case that q is an odd prime power, we refer to [16] for a definition of Taylor's 2-graph for U (3, q). The Taylor 2-graph for U (3, q) has parameters
Again, our results hold for all graphs with the same parameters. e + 1, where p is a prime, p ≡ 3 (mod 4), e is odd, ℓ is odd, and gcd(ℓ, p) = 1.
Furthermore, Γ possesses at most two Delsarte cocliques if q > 3.
Proof. By Theorem 1.1, the existence of an ovoid is equivalent to the existence of a quasisymmetric 2-(q 2 − q + 1,
) design with intersection numbers {
} and replication number
Hence, Theorem 2.1 implies non-existence of a Delsarte coclique for Case (a). If q = 2ℓp e + 1, then
Again, having p ≡ 3 (mod 4) means that σ(−1)ṽ
= −1 is not a square modulo p. Therefore Theorem 2.3 implies non-existence of a Delsarte coclique for Case (b).
We now show that Γ has at most two Delsarte cocliques. Let q = 2ℓ + 1 for some positive integer ℓ. Then
Hence, e + and e − are always coprime and we can apply Theorem 1.2. 
Generalized M 22 Graphs
The parameters of the M 22 graph are part of the following infinite family, where q is a positive integer.
One noteworthy property of these graphs is that λ = 0. No such graphs seem to be known for q > 2. For q = 1 these are the parameters of the Petersen graph. The smallest open case is q = 3. Here the symmetric design of Theorem 1.2 (a) has parameters 2-(45, 12, 3) and many such designs are known. In particular all of the designs with a non-trivial automorphism group are classified [7] . Using an MIP solver, we verified that none of these designs can be extended to a quasisymmetric 2-(56, 12, 9) design. Hence, we conjecture that no graph of the above family with q = 3 contains a Delsarte coclique. Therefore, the most promising open case for a construction is q = 4. Here one would take a symmetric 2-(96, 20, 4) design and try to extend it to a quasisymmetric 2-(115, 20, 16) design with intersection numbers 0 and 4.
Following an idea by Alexander L. Gavrilyuk
4
, we have the following lemma about the number of cocliques. representing the set of all q 3 + 3q 2 + q Delsarte cocliques. Adjacency is defined as follows:
• Two vertices of Γ ′ are adjacent if they are adjacent in Γ.
• A vertex of x ∈ Γ and a vertex z representing a Delsarte coclique Z are adjacent if x ∈ Z.
• The neighborhood of z * is exactly the set of all vertices representing the q 3 + 3q 2 + q Delsarte cocliques. Using Theorem 1.2 (d) it is easy to verify that Γ ′ is a strongly regular graph.
Strongly regular graphs with parameters (v, k, λ, µ) = (324, 57, 0, 12) do not exist (see Gavrilyuk and Makhnev [8] ). Hence, we obtain the following. Besides the triangular graphs, this is the only family of parameters for which we could not rule out the existence of m − + 1 Delsarte cocliques in general. Among all graphs up to 1300 vertices, there is one more examples that can have more than two Delsarte cocliques. Proof. Suppose that we have equality in Theorem 1.2 (d). Then a symmetric 2-(111, 11, 1) design exists. This is equivalent to the existence of a projective plane of order 10 for which non-existence is known [12] .
If the set of m − + 1 Delsarte cocliques forms a projective plane, then −(e + ) 2 + e + = (e + ) 2 + e − . By Equation (2.9), the number of vertices is an integer if and only if e + ∈ {1, 2, 5}. Hence, we cannot find any other strongly regular graphs where equality in Theorem 1.2 (d) induces a projective plane. Indeed we can say the following. Dividing the numerator by e + + 1 leaves a remainder of 2c + 4, and thus e + + 1 must divide 2c + 4.
For c = 2, the 2-(ṽ,k, c) design is a biplane. The only non-trivial choice of parameters is e + = 3 and e − = −12, so the design in Theorem 1.2 (d) has parameters 2-(56, 11, 2). Biplanes with these parameters were classified by Kaski andÖstergård [11] . Hence, the smallest case for which we might be able to use the result to construct new symmetric designs are triplanes, so c = 3. Here (e + , e − ) = (4, −20) and (e + , e − ) = (9, −105) are the two interesting parameter sets.
Other Graphs with up to 1300 Vertices
In Table 1 we list strongly regular graphs with up to 1300 vertices. We do not include the complements of triangular graphs or graphs with less than 200 vertices. The parameters s 1 and s 2 are the intersection numbers of the quasi-symmetric 2-design in Theorem 1.1. The entry # gives the maximal number of Delsarte cocliques. Notice that except for Taylor's 2-graphs it is not known if strongly regular graphs with the given parameters exist.
